Introduction

Introduction Dans les écoulements laminaires limités en milieu visqueux, on ne considère habituellement que les écou-lements sur des surfaces lisses, sans aspérité d'aucune sorte. A la connaissance de l'auteur, on n'a jusqu'ici accordé que peu d'attention au cas de l'écoulement
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Etendue du problème
Perry and Joubert [6] have evolved a graphical data reduction method wh~reby n plot of a velocity profile in turbulent bounded shear flow over a rough surface may be analyzed to find the virtual origin of the profile, to estimate the shear velocity at the effective boundary at the base of the profile, and to define the wake characteristics [Coles, 5] in the far-wall region of the profile. Their method, foUowing that of Clauser [3] for flow over smooth surfaces, proceeds from the equation for the logarithmic part of the turbulent velocity profile, together with an equation defining the boundary shear velocity in terms of the maximum measured velocity and the local apparent friction coefficient. The procedure proposed here for laminar flow is analogous to that of Perry and Joubert for turbulent flows in that the need for a virtual origin correction because of the presence of roughness is assumed, the validity of an accepted velocity profile equation is assumed -in this case the profile equation for laminar flow over a smooth surface-and the same definition of boundary shear velocity in terms of the local friction coefficient is accepted. However, it is found that in this case, a mathematical expression for the virtual origin correction can be formulated, thus eliminating the need for finding it by trial and error graphical methods, as is done in the case of turbulent flows.
For laminar flow between two smooth parallel plates or conduit walls, the velocity profile equation can be written in the form :
Perry et Joubert [6] For laminar flow between boundaries with spherical roughness, as in Figure 1b , the streamlines in the immediate vicinity of the roughness elements will not be straight and parallel, so that the assumption of paraUel flow underlying equation (1) does not hold in sorne zone adjacent to the rough bed. However, this effect must decrease to insignificance farther out in the flow, Figure 1 -Definition sketches for (a) the laminar velocity profile over a smooth boundary, and (b) the laminar velo city profile over a rough boundary. so that, at sorne level, equation (1) becomes an appropriate expression for the velocity profile, providing that the origin for°and y can be adequately defined. Conventionally, in making velocity measurements over rough boundaries, the elevations of measuring points are referenced to the plane containing the tops of the roughness elements [Perry and Joubert, 6; Coleman, 4]. There is nothing to indicate a priori that the origin of the profile being measured is actually at this reference level, so true elevations°andy are: Figure 1b is a definition sketch for the usual relation between 0,°t' and e, and also shows how, for the rough boundary case, the boundary shear velocity has to be imagined as existing at the effective boundary plane located by the determination of e in order for equation (1) to be presumed to hold.
Introducing equations (3a) and (3b), the rough boundary form of equation (1) becomes:
Testing this equation for validity requires finding
values of e and U*. As in the Clauser [3] cross-plot procedure, it is necessary in this case to rewrite equation (4) to include U m and Cf and to eliminate U*. On substitution of equation (2), equation (4) becomes: [3] , il est nécessaire dans ce cas de récrire l'équation (4) pour y introduire Um et C;. et en éliminer U*. A la substitution de l'équation (2), 1équation (4) devient:
Pour vérifier la validité de cette équation, il faut trouver les valeurs d'e et de U*. Comme dans la méthode de traçage de courbe de Clauser
AtY t equal to 0t equation (5) reduces to:
from which:
Equation (7) is an expression for € in terms of the measurable quantities U m and 0t. However, it is useless without an independent expression for the friction coefficient Cf" Equation (5) can be made to produce the needed expression by evaluating it at y t equal to 0t/lO, substituting equation (7) 
where R is the Reynolds number:
où R est le nombre de Reynolds: 
At this point, it might be reasoned that € must be small relative to 0t and to most values of Yt' so that the errar introduced by ignoring the virtual origin correction might be insignificant. If € is assumed to be zero, then evaluating equation (5) at 0t/1 0 gives:
and N is the value of U/U m found at 0t/lO by interpolation in a graph of a measured velocity profile. The re-substitution of equation (7) in the procedure above is permissible because € is a constant for a given profile.
With equations (7) and (8) as expressions for € and Cf in terms of experimental quantities, a measured laminar velocity profile plotted as U (y t) may be examined by finding U m ' 0t ' and N from the plot, and then calculating Cf from equation (8), € from equation (7), and U,* from equation (2 
Experimental data collection
The 16 velocity profiles used in this study have been selected from a more extensive series of 123 profiles measured by Coleman [4] . For the present purpose, only profiles in totally laminar flows have been considered.
These profiles were taken in a water tunnel with a rectangular conduit 9.45 m long, 280 mm wide, and 180 mm high. A bed composed of closed-packed platic spheres, 13 mm in diameter, was fixed to the bottom of the conduit. This bed was 1.4 m long, and its leading edge was 6.86 m below the upstream end of the water tunnel conduit. Profile measurements were made with a total head tube at a point on the centerline of the rougil bed, 1 m away from the leading edge. The total head tube was attached to a differential pressure transducer, which was in turn referenced to a piezometer tap in the water tunnel sidewaU. The electrical output of the pressure transducer was connected to an appropriate recording system for data storage. The total head tube was of the cylindrical, square-ended type, with an inside-to-outside diameter ratio of 0.6. In making the measurements, the tube was calibrated for velo city measurement in highly viscous fluids, and the usual pressure coefficient corrections were applied. The reader is referred to the original paper [Coleman, 4] for more detail on measurement procedures. Initial measurable gross properties of the velocity profiles are given in Table 1 . Figure 2 is a plot of the first six profiles, in U (y t)
Relevé des données expérimentales
coordinates, showing how Um '°t' and U at°JI a can be determined. A semilogarithrnic plot like this, with y t on the logarithrnic axis, is particularly useful for this purpose, since curves are more easily fitted to the data, the location of Um ' and hence°t ' is emphasized, and the interpolation of U at 0t/10 is facilitated. Plots of this kind were made for aU 16 profiles, and were used to determine the profile characteristics included in Table 1 . The kinematic viscosities V in Table ( I were determined by sampling the hydroxyethylceUulose solution used in each experirnent, rneasuring the dynamic viscosity with a falling-baU viscosimeter, and weighing a known volume of the fluid to find the density. 
Demonstration of profile analysis
The 16 selected profiles were plotted as in Figure 2, and Um' at, and N 10 were detennined. The local friction coefficient Cf was then calculated from Equation (2) , and the virtual origin correction e was found from Equation (7). Although a laminar flow is not influenced by boundary roughness in the same way that turbulent flow is, it is reasonable to suppose, at least as a frrst guess, that the relative virtual origin correction e/D should depend on the conventional roughness Reynolds number: 
Demonstration de l'analyse des profils
Les 16 profils choisis furent tracés comme sur la figure 2, et U m , 0t' et N]O furent déterminés. Le coefficient de frottement local Cf fut alors calculé à partir de l'équation (2), et la correction d'origine virtuelle e trouvée à partir de l'équation (7). Bien qu'un écoulement laminaire ne soit pas influencé par la rugosité des parois de la même façon qu'un écoulement turbulent, il est raisonnable de supposer, au moins en première approximation, que la correction relative d'origine virtuelle e/D dépende du nombre de Reynolds conventionnel de la rugosité:
where D is the roughness height -in this case, the sphere diameter. A plot of e/D against R. is given in Figure 3 . This plot indicates that e/D is at a maximum near R. After correcting all y t values to y values for each prome, using the respective e corrections found, the profiles were plotted according to Equation (1) . This is shown in Figure 4 . The Rb values in the legend of this and succeeding figures are values of R recomputed from equation (9) after correcting 0t to O. Each individual prome has excellent fit to the equality line in the outer part of the flow, while displaying a greater or lesser region of deviation near the rough boundary, These regions of deviation are interpreted to be the zones in proximity to the roughness elements where the streamlines are significantly neither straight nor parallel, as indicated in Figure  1b . If this interpretation is correct, then the thickness of the deviation region for a given prome, as indicated by the level at which that prome departs from the equality line, should be related to the displacement thickness: V 20
Such a relation is verified by Figure 5 .
The foregoing demonstrates the validity of the method of determining Cf' U", , and e , and gives at Ieast a tentative interpretation of the occurrence of deviations from the expected function for the plotted promes in the region very near the roughness elements. oO~------.L---!-------+----~;-----:
Figure 5 -The relation between the normalized thickness of the deviation region and the normalized displacement thickness.
The error induced by neglecting E
In Figure 4 , the velo city prafIles have been plotted using values of U* calculated with values of Cf from equation (8), under the assumption that E was not zero. In Figure 6 , the velocity profIles from Runs 1, 8, and 16 in Table 1 are plotted again, using values of U* calculated with Cfi from equation (11), under the assamption that E was o zero. The results of neglecting E are evident. The individual prafIles are displaced from the equality line. The excellent similitude displayed in Figure 4 for the region not adjacent to the roughness has been lost. Neglect of E has a significant effect in that it introduces errors in the calculation of Cf and U*. 
Conclusions
In has been assumed that equation (1), the equation for the velocity distribution in laminar flow between 
Il a été supposé que l'équation (1) , équation donnant la répartition des vitesses dans un écoulement parallel smooth boundaries, can be adapted to represent the velocity distribution in laminar flow over a rough boundary by introducing a virtual origin correction. Equation have been produced for calculating the virtuai origin correction, and also the local friction coefficient and hence the boundary-·shear velo city, from experimentally determined characteristics of velo city profIles.
The assumption that equation (1) can be applied to laminar flows over rough boundaries has been tested using sorne data from laminar flow over a boundary composed of close-packed spheres. Virtual origin corrections have been found by the method described here, and the relative correction e/D has been shown to be capable of being represented as a function of the conventional roughness Reynolds number R*. This possibly reflects the action of the roughness elements in deflecting the streamlines near the boundary from parallelism. Equation (1) has been found to be valid over most of the laminar flow; however, for a given profIle, a region of deviation exists near the boundary which is, again, probably the region of deflected streamlines. The thickness of this deviation region has been shown to be related to the displacement thickness for a given profIle.
The effect of neglecting the virtual origin correction e has been investigated, and it has been shown that this results in significant error when U* is estimated from measured profIles. distance from the prome origin to the point of measurement of local velocity; boundary shear velocity; distance from the boundary to the point of measured maximum velocity; kinematic fluid viscosity; local friction coefficient; maximum velocity the distance 0 measured from the tops of roughness elements ; the distance y measured from the tops of roughness elements ; the virtualorigin correction; gross flow Reynolds number; local friction coefficient calculated assuming that the virtual origin correction is zero; boundary shear velocity calculated assuming that the virtual origin correction is zero; a ratiQ of a specified local velocity to the maximum velocity . roughness Reynolds number; displacement boundary layer thickness; roughness height; corrected gross flow Reynolds number. 
